Abstract. We show that Lusztig's homomorphism from an affine Hecke algebra to the direct summand of its asymptotic Hecke algebra corresponding to the lowest two-sided cell is related to the homomorphism constructed by Chriss and Ginzburg using equivariant K-theory by a matrix over the representation ring of the associated algebraic group.
Let W be the extended affine Weyl group associated to a simply connected simple algebraic group G over C. Let J 0 be the based ring of the lowest two-sided cell of W and let H be the Hecke algebra of W over the ring A = Z [v, v −1 ] of Laurent polynomials in an indeterminate v with integer coefficients. Lusztig defined an A-algebra homomorphism ϕ 0 : H → J 0 ⊗ Z A (see [L3] ). In [CG, Corollary 5.4 .34], Chriss and Ginzburg defined an A-algebra homomorphism ψ 0 : H → J 0 ⊗ Z A using equivariant K-theory. We will show that ϕ 0 is essentially the conjugacy of ψ 0 by an invertible W 0 ×W 0 matrix with entries in the representation R G×C * of G × C * , see Theorem 2.5.
1. Preliminaries 1.1. Let G be a simply connected simple algebraic group over the complex number field C. The Weyl group W 0 of G acts naturally on the character group X of a maximal tours of G. The semidirect product W = W 0 ⋉ X with respect to the action is called an (extended) affine Weyl group. Let H be the associated Hecke algebra over the ring A = Z[v, v −1 ] (v an indeterminate) with parameter v 2 . Thus H has an A-basis {T w | w ∈ W } and its multiplication is defined by the relations (T s − v 2 )(T s + 1) = 0 if s is a simple reflection and T w T u = T wu if l(wu) = l(w) + l(u), here l is the length function of W .
We shall write the operation in X multiplicatively. Let X + = {x ∈ X | l(w 0 x) = l(w 0 ) + l(x)} be the set of dominant weights in X, where w 0 is the longest element of W 0 . For any z ∈ X, one can find dominant weights x and y such that z = xy
y . It is known that θ z is well defined, that is, it only depends on z and independent of the choice of x, y. Moreover, the elements θ z T w , z ∈
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X, w ∈ W 0 , form an A-basis of H and the the elements T w θ z , w ∈ W 0 , z ∈ X, form an A-basis of H as well. See [L1] or [L4] .
The A-subalgebra Θ of H generated by all θ x , x ∈ X, is commutative and is isomorphic to the group algebra
x∈X a x θ x be the isomorphism, where a x ∈ A are 0 except for finitely many x in X. For γ ∈ A[X], we shall also write θ γ for θ(γ).
Let R be the root system. For simple reflection s in W 0 , we shall denote by α s for the simple root which defines s. For x ∈ X, we have (see [L5, 1.19 
where ≤ is the Bruhat order on W . Then the elements C w , w ∈ W , form an A-basis of H and is called a Kazhdan-Lusztig basis of H.
Recall that w 0 is the longest element in W 0 . We shall simply write C for C w 0 . We have T s C = −C for all simple reflections s in W 0 . Therefore, the A-linear map π: A[X] → HC defined by x → θ x C for all x ∈ X is an isomorphism of A-module. Using the formula 1.1(a) we see that for any simple reflection s in W 0 and x, y in X, we have
Thus the natural H-module structure on HC leads an H-module structure on A[X] as follows (see [L5, Lemma 4 .7]):
, where s ∈ W 0 is a simple reflection and x, y ∈ X.
Let R
+ be the set of positive roots, R − = −R + and ∆ be the set of simple roots in R. For α ∈ ∆, let x α be the corresponding fundamental weight. For w ∈ W 0 , let
According to [St] we have
W 0 -module with a basis e w , w ∈ W 0 .
Note that A[X]
W 0 is naturally isomorphic to R G×C * = R G ⊗ Z A, where R G and R G are the representation ring of G = G × C * and G respectively, and we identify R C * with A by regarding v as the identity representation C * → C * . We also use v for the element in R G defined by the natural projection G × C * → C * . According to Bernstein (see [L1] ), we know that
W 0 ) is the center Z(H) of H and the center Z(H) of H is isomorphic to the representation ring of R G .
Therefore we have (c) The H-module HC is a free Z(H)-module with a basis θ ew C, w ∈ W 0 .
For each w
to [Sh1, Sh2] , the lowest two-sided cell of W c 0 can be described as
is a free Z-module with a basis t w , w ∈ c 0 and the structure constants are given by (see [X1, Theorem 1.10])
+ , let S x be the element in Θ corresponding to V (x). By abuse notation, we also use S x for the element in R G or R G corresponding to V (x). Then we have
defines an ring isomorphism from R G to the center of J 0 .
So we have (e) The map t dww 0 xd Note that we have S x C dww 0 = C dww 0 x , see [X1, Theorem 2.9] and [L1, 8.6, 6.12] . It is known that the elements C dww 0 x , w ∈ W 0 , x ∈ X + , form an A-basis of HC (see [L2] ). Hence we have (f) The elements C dww 0 , w ∈ W 0 , form a Z(H)-basis of HC. Now we have two Z(H)-bases for HC, one is {θ ew C | w ∈ W 0 }, the other is {C dww 0 | w ∈ W 0 }. For each u ∈ W , we then have
Let A = (a w,u ) be the W 0 × W 0 matrix. Then A is the transfer matrix from the basis {θ ew C | w ∈ W 0 } to the basis
where (·) w∈W 0 are row vectors.
w , w ∈ W 0 . Lusztig showed that the map
is an A-algebra homomorphism (see [L3] ). Note that the restriction of ϕ 0 to the center Z(H) gives an isomorphism from Z(H) to the center of J 0 ⊗ A. If we identify Z(H) with the representation ring 
Equivariant K-theory Construction
Chriss and Ginzburg constructed a homomorphism of R G -algebra from H to the matrix ring M W 0 (R G ), see [CG, Corollary 5.4.34, 7.6.8] . In this section we recall this construction. We shall follow the approach in [L5] for explicit calculation. 
. Let G×C * acts on Λ×Λ diagonally, then Z is a G×C * -stable subvariety of Λ × Λ. Let K G×C * (Z) = K G×C * (Λ × Λ; Z) be the Grothendieck group of the category of G × C * -equivariant coherent sheaves on Λ × Λ with support in Z.
Note that π 12 , π 23 are smooth and π 13 is proper. Following [L5, 7.9] , one defines the convolution product * :
, where O Λ 3 is the structure sheaf of Λ 3 . This endows with K G×C * (Z) an associative algebra structure over the representation ring R G×C * of G×C * . Recall that we regard the indeterminate v as the representation
is isomorphic to the Hecke algebra H, see [G1, G2, KL2] or [CG, L5] . We shall identify K G×C * (Z) with H.
We shall simply write
We then have two K G (Z)-linear maps:
Define the R G -bilinear pairings
respectively. These R G -pairings give K G (Z)-module structure on K G (B× B) and K G (Λ × B) respectively.
2.3.
According to [KL2, 1.6 ] and its proof, we have (a) The external tensor product in K G -theory
is an isomorphism of R G -module. For x ∈ X, we shall also denote the corresponding line bundle on B by x.
where ρ is the product of all fundamental weights. 
Let w, u, t, v be elements in W 0 and ξ, η be elements in R G . Then we have (e w ξ ⊠ e [X2, 5.16 .1] or [CG, Lemma 5.2.28] . Therefore the map
where (ξ) w,u stands for the matrix whose entries are ξ at position (w, u) and zero otherwise.
The projection pr
The following result is showed in [CG, Corollary 5.4.34] .
(a) The map (pr
We explain this. Through inverse image pr * as an G-equivariant bundle on Λ. Let r : Λ → Z be the inclusion (n, b) → (n, b, b). Then r * (C) is the unit in K G (Z) (see [L5, 7.10] .
Letj : Λ → Λ × B be the inclusion (n, b) → (n, b, b) and let i : B → B × B be the diagonal map. Then we have a cartesian diagram
So we havej * pr * 2 (C) = pr * i * (C) (see for example [FK, Chapter I, 6 .1 Theorem]). Therefore, (pr * )
w is the unit in K G (B × B) (see [KL2, 1.7] ). Since k * is K G (Z)-linear, we see easily that the map in (a) is a homomorphism of R G -algebra.
Define
to be the homomorphism of R G -algebra (ψ 1 ⊗id A )(pr * ) −1 k * , see 2.3 for definition of ψ 1 . Recall that we defined in subsection 1.5 the homomorphism ϕ : H → M W 0 (R G ) of R G -algebra and defined the matrix A ∈ M W 0 (R G ) in the last part of subsection 1.4. Now we can state the main result of the paper.
Theorem 2.5. For h ∈ H we have ϕ(h) = A −1 ψ(h)A. Proof. Let h ∈ H. According to [L5, 7.14 Let h • e w = u∈W 0 h u,w e u . Then we have
Note that we also have hθ ew C = u∈W 0 h u,w θ eu C.
Therefore the homomorphism comes from the natural module structure on HC of the R G -algebra H with respect to the R G -basis θ ew C, w ∈ W 0 . By definition, for r ∈ W , we have ϕ 0 (C r ) = d∈D h r,d,r ′ t r ′ , h r,d,r ′ ∈ A.
